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Roadmap for dense granular flow
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1. Fundamental aspects of stress and flow fields in dense

particulate systems.

2. Definition of material properties on relevant scales, along with

efficient ways to represent properties in models and establish

standards for material property measurements.

3. Given the practical need for continuum modeling capability,

identify the inherent limitations and how to proceed forward, e.g.,

hybrid models that connect with finer scale models (DNS, DEM,
finite element, stochastic, etc.) for finer resolution.

4. Size-scaling and process control (particle / unit-op / processing

system) is critical to industrial applications.
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Key questions 
addressed: 

Action taken in our 
project: 
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Connection to roadmap

What defines the stress in 
quasi-static regime?
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Key questions 
addressed: 

Identified internal variables 
defining stress states.

Action taken in our 
project: 
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Connection to roadmap

What defines the stress in 
quasi-static regime?

What parameters control the 
transitions between granular 
states?
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Key questions 
addressed: 

Identified internal variables 
defining stress states.

Demonstrated effects of jamming 
transition on flow regime 
transition.

Action taken in our 
project: 



/23

Connection to roadmap

What defines the stress in 
quasi-static regime?

What parameters control the 
transitions between granular 
states?

Continuum rheological models 
from quasi-static to rapid flow 
regimes?(Goal II in our project)
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Key questions 
addressed: 

Identified internal variables 
defining stress states.

Demonstrated effects of jamming 
transition on flow regime 
transition.

Developed a plasticity model for 
the quasi-static regime and 
extending to intermediate regime.
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What parameters control the 
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Represent material properties 
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Outline

Introduction to the quasi-static constitutive model

Model calibration for a wide range of particle friction 
coefficients

Extension to predict normal stress difference 

Application to hopper flows

Rate-dependent flow behaviors

Future work

5
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Model construction
Simulate particle dynamics of homogeneous  
assemblies under isotropic compression or simple 
shear using discrete element method (DEM).

Extract stress and structural information by 
averaging; seek constitutive relations.

6
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Stress

The additional contribution to the stress is due to collisions and contacts, which can be derived
from the principle of virtual displacement for soft interaction potentials and can be modified for
hard sphere systems. The static stress is given as σs = 1/V

∑N
i

∑

j,j !=i
1

2
rijFij , where rij is the

vector pointing from the center of particle j to the center of particle i, and Fij is the contact force
acting on particle i by particle j. The summation can also be performed over contacts in the volume
as σs = 1/V

∑

c rijFij . 3

Combining the dynamic and static contributions, the stress tensor for the soft sphere system is

σ =
1

V

N
∑

i



miCiCi +
∑

j,j !=i

1

2
rijFij



 , (11)

which can be used to determine solid stresses from soft sphere MD simulations.

For hard spheres, replacing the force vector by momentum change per unit time, obtain

σ =
1

V

N
∑

i



miCiCi +
1

∆t

∑

n

∑

j

rijpj



 , (12)

where pj is the momentum change at collision n.

3For one contact c, 1

2
rijFij + 1

2
rjiFji = 1

2
rijFij + 1

2
(−rij)(−Fij) = rijFij .

3
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Coordination number: average number of contacting neighbors
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Coordination number: average number of contacting neighbors

Fabric tensor: average of tensor product of unit contact normals

A =
1

Nc2

N∑

n=1

cp≥2∑

c=1

np,cnp,c −
1
3

I
n
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Stress model* and closures

7* D.G. Schaeffer. J. Differ. Equ. 66, 19, 1987;  J.D. Goddard. J. Fluid Mech. 568, 1, 2006
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Stress model* and closures
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Strain rate tensor

Deviatoric strain rate
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√
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Stress model* and closures

7* D.G. Schaeffer. J. Differ. Equ. 66, 19, 1987;  J.D. Goddard. J. Fluid Mech. 568, 1, 2006

Pressure
Macro-friction

Strain rate tensor

Deviatoric strain rate
σ = pI− pη

S

|D| |D| =
√

1
2
DT : D

pd/k = (a1 + a2|A|)(Z − Zc)2Pressure equation

η = b1 + b2
A : S

|D|Macroscopic friction

linked to microstructure variables
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Evolution equations

The model has been verified to be able to correctly predict 
complex rheological behaviors during steady and unsteady 
flows.

8

Jaumann derivative

Quarterly Report (December 2008) DE-FG26-07NT43070 14

4.2.2 Evolution equations

The microstructure is characterized by the coordination number, Z and the fabric tensor, B.
The evolution equations describing their rate of change against strain rate have be developed,
which take the following form:

Ż =
α1

φ
B : D + [

α2

φ

√
D : D + α3

√
D : DZ](1 +

α4tr(D)

B : D
) + Ztr(D), (6)

and
B̊ = c1S + c2(

√
D : D)B + c3(B : D)B, (7)

where Ż and B̊ are the time derivative and Jaumann derivative, respectively, i.e., Ż = dZ
dt

and B̊ = dB

dt + B · W − W · B. The α1–α4 and c1 –c3 in the evolution equations are material
constants, which can be calibrated against DEM data of the coordination number and fabric
evolution. The S and tr(D) denotes the deviatoric and trace of the strain rate tensor.

4.2.3 Yield function and flow rule

With D interpreted as the plastic strain rate, equation 3 represents a plastic flow rule. In
particular, we can rewrite the equation as

D̂ = −σ
∗/pη. (8)

By definition, |D̂| = 1, it follows from equation 8 that
∣

∣

∣

∣

σ
∗

pη

∣

∣

∣

∣

= 1, (9)

which represent a scalar yield condition on σ
∗. The yield function for this plastic model can

be written as
F (σ) = σ

∗ : σ
∗ − p2η2 = 0. (10)

The deviatoric stress tensor in principle stress space can be written as




σ1 − p 0 0
0 σ2 − p 0
0 0 σ3 − p



 , (11)

where p = 1
3(σ1 + σ2 + σ3). The yield function becomes

(σ1 − p)2 + (σ2 − p)2 + (σ3 − p)2 = p2η2. (12)

This prescribes a cone-shaped yield surface in the principle stress space with its apex at the
origin and with the space-diagonal as its symmetric axis. The angle of the cone depends on
η. As η changes with the fabric evolution, the material reaches a series of co-axial cones. The
increasing (decreasing) η dictates the isotropic hardening (softening) behavior of the model
material, which is a result of the fabric evolution as revealed by the yield function.

Å =
dA

dt
+ A · W −W · A

Stickel, J. et al. Journal of Rheology, 50(4):379–413, 2006.

Coordination number

Fabric tensor

Å = c1S + c2|D|A + c3(A : D)A

Ż = d1(A : D + χ) + d2|D|(f(φ)− Z) + d3tr(D)

χ = (c2 +
√

c2
2 − 8c1c3)/2c3)
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Incorporating particle friction: isotropic compression

9
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Incorporating particle friction: isotropic compression

    is a fitting parameter for pressure in isotropic compression
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Incorporating particle friction: isotropic compression

    is a fitting parameter for pressure in isotropic compression
It fluctuates in a small range and is modeled as a constant.
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Incorporating particle friction: isotropic compression

    is a fitting parameter for pressure in isotropic compression
It fluctuates in a small range and is modeled as a constant.
Particle friction drives the jamming transition point, Zc, to 
smaller values at higher friction; but scaling is universal. 9
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Incorporating particle friction: shear pressure 
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Incorporating particle friction: shear pressure 

a2 is determined by fitting simple shear pressure with a constant a1.
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Incorporating particle friction: shear pressure 

a2 is determined by fitting simple shear pressure with a constant a1.

a2 is modeled as a linear function of particle friction.
10
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Incorporating particle friction: shear stress ratio 

11
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Incorporating particle friction: shear stress ratio 

η is a function of particle friction agreeing with previous studies.*
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Incorporating particle friction: shear stress ratio 

η is a function of particle friction agreeing with previous studies.*

b1 and b2 vary with particle friction as: 
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b1 = −0.16e−6µ + 0.16
b2 = 1.6e−6µ − 2.9
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Incorporating particle friction: microstructure 

Material constants c1-c3 and d1-d3 have little dependence on 
friction coefficient.

The main effect on Zc and     is implemented in the function

12

Coordination number

Fabric tensor
Å = c1S + c2|D|A + c3(A : D)A

Ż = d1(A : D + χ) + d2|D|(f(φ)− Z) + d3tr(D)

φc

f(φ) = Zc + β1(φ− φc)
1
2
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 Z  and       correlation

13
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 Z  and       correlation

   is modeled as a constant.
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 Z  and       correlation

   is modeled as a constant.

   is determined from this correlation, thus related to jamming transition.
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 Z  and       correlation

   is modeled as a constant.

   is determined from this correlation, thus related to jamming transition.

It decreases with particle friction coefficient.
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Normal stress differences
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Normal stress differences

Normal stress components are different from each other with 
deviation of 5-10% from the mean pressure.
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Normal stress differences

Normal stress components are different from each other with 
deviation of 5-10% from the mean pressure.

Two extra terms to capture normal stress differences
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Normal stress differences

Normal stress components are different from each other with 
deviation of 5-10% from the mean pressure.

Two extra terms to capture normal stress differences

14

0.57 0.58 0.59 0.6 0.61 0.62 0.630.85

0.9

0.95

1

1.05

1.1

!

"
ii/p

 

 

"xx
"yy
"zz

+a3p(AD̂ + D̂A− 2
3
A : D̂I)σ = pI− pη

S

|D|

Steady-state 
simple shear

µ = 0.5



/23

Normal stress differences

Normal stress components are different from each other with 
deviation of 5-10% from the mean pressure.

Two extra terms to capture normal stress differences
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Normal stress differences
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Normal stress differences
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Normal stress differences

a3 and a4 are also made functions of particle friction
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Application to conical hopper flow

Classical theories* do not take account of microstructure change.

What is the effect of microstructure evolution? 

Compare to the hour-glass theory*.

Solve the model for flows in a conical hopper assuming:

incompressible flow

smooth side walls

stress-free surface

radial gravity

16* R. M. Nedderman. Statics and Kinematics of Granular Materials.

θr
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One-dimensional equations
Scaled microstructure and stress equations in a 
spherical coordinate system

   is a function of η in our model, but is constant in 
the hour-glass theory.

17
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Predictions of stress and macroscopic friction
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Predictions of stress and macroscopic friction

Stress profile is similar to that of hour-glass theory.
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Predictions of stress and macroscopic friction

Stress profile is similar to that of hour-glass theory.

Normal stress difference affects the prediction.
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Predictions of stress and macroscopic friction

Stress profile is similar to that of hour-glass theory.

Normal stress difference affects the prediction.

Macro-friction varies in the flow direction and values agree with DEM 
simulations*.
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*A. V. Potapov and C. S. Campbell. Physics of Fluids, 8(11):2884–2894, 11 1996.

V. CONCLUSIONS

This paper has presented the results of large scale two-

dimensional computer simulations of hopper flows. The goal

of these studies was first to try and understand the source of

an asymmetric unsteadiness that has been experimentally ob-

served and then to try and evaluate the physical assumptions

underlying the various methods used to model hopper flows.

The simulations demonstrated the asymmetric unsteadi-

ness that was observed experimentally for monodispersed

systems. However, the effect disappeared if polydispersed

materials were used. The unsteadiness was attributed to the

development of strong internal structures within the granular

solid that must be broken as the material moves through the

converging section of the hopper. This process requires a

large local dilation of the material to make the material ca-

pable of performing the necessary deformation. !Such dili-
tated regions appear as dislocations in the simulations pre-

sented here and account for the low density regions apparent

in x-ray photographs.11–14" In this case, monodispersed two-
dimensional particles tend to form into near-crystalline hex-

agonal close packs that are difficult to break. A small amount

of polydispersity breaks up the near-crystalline arrangements

and allows the structures to be more easily broken. This ex-

plains experimental observations that associate the unsteady

behavior with angular particles11 or cohesive part-

icles12—both of which enhance the tendency of particles to

lock together into strong structures; these indicate that it is

the ability of the particles to lock together and not necessar-

ily monodispersity that is the source of the unsteadiness.

In order to evaluate the physical underpinnings of com-

mon models for hopper flows, we measured the stresses gen-

erated inside the hopper. In many ways, these corroborated

the speculations about monodispersed systems in that large

shear stresses and friction coefficients appear near corners

where the hexagonal structures are forced to break down. But

the most important observation was that the friction coeffi-

cient is not constant in the region where the material is de-

forming. Consequently, the many hopper flow models that

employ plasticity models under the assumption that the ma-

terial is always yielding are not valid. Furthermore, we have

shown that such flows cannot be modeled as rapid granular

flows.

Unfortunately, the results of these simulations are nega-

tive in tone. The implication of the observations in the last

paragraph is that no currently available modeling techniques

are applicable to hopper flows. Hoppers appear to operate in

an intermediate regime between quasistatic yield and rapid

flow that has been little explored. Furthermore, from the ob-

servations of flow unsteadiness, it is likely that the flow be-

havior is influenced by noncontinuum effects such as the

local packings of particles. Consequently, the major conclu-

sion has to be that the relatively simplified models that have

FIG. 10. A contour map for the effective internal friction coefficient according to Coulomb’s law !3.2.3". Note the wide variation of the friction coefficients
in the hopper which makes questionable the assumption that the flow can be modeled as a constantly yielding plastic material and a uniform internal stress

coefficient. The values of the effective friction are much larger for the monodispersed systems relative to the polydispersed systems which is probably a result

of the strong hexagonal packings into which the monodispersed systems fall: !a" 45° monodispersed hopper, !b" 45° polydispersed hopper, !c" 60° monodis-
persed hopper, and !d" 60° polydispersed hopper.
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Intermediate pressure behaviors

Collapse pressure data of assemblies with volume 
fractions             using 

         is the pressure at the quasi-static state.
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Intermediate pressure behaviors

Same relation works for a range of particle friction. 

Exponent n increases slightly with higher friction.
20
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Intermediate stress ratio

Macroscopic friction coefficients collapse onto one 
curve when plotted against inertia number* 
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Intermediate stress ratio

The collapse works for all the friction coefficient 
studied.

The η scaling with I and correlation with friction are 
being examined. 22
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Work in progress

Complete the model according to the flow behaviors 
shown for intermediate regime

Extend the model to include rapid to intermediate 
flow transition

Apply the model to compressible hopper flows
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